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VIBRATION CONTROL OF THE SYSTEM OF STRINGS CONNECTED IN A NODE
Formulation of the problem In this work we shall oonsider the problem of optimal control for a system of N strings connected in a node. These strings, lying at rest in a plane, have the same lengths S and the same masses per unit length 9, and also the tension T q is the same for each of them.
We introduoe the following assumptionst 1) the node is masslessj 2) both the points of the strings at the node oan move only in the direction perpendicular to the plane in whioh whole the system lays in its equilibrium state (the node moves in this direction without any drag);
3) the node does not transmit any forces acting in the plane of strings.
For simplifying calculations we take Y T 0 /p = 1. For each string we introduce its axis Ox directed along the string at rest, to the node where x = S. Let U^ix.t) denotes the displacement of the point x from its equilibrium state position at the time t for i-th string. The oscillations of each string are described by the wave equations (1) uj t (x,t) = U^x(x,t) for x e(0,S), t >0, i = 1,2,...,N -557 - U^O.t) = u i (t) for t SsO, i = 1,2 N.
The geometry of node gives the conditions of the equality of displacements in the node (4) U 1 (S,t) -U 2 (S,t) = ... = U N (S,t) for t>0.
Moreover from the conditions of the equilibrium of vertical forces in the node, treated as a point, we obtain the following condition (5) U*(S,t) = 0. i«=1
The problem of looking for the solutions of the equations (1) under conditions (2)-(5) is described in the paper [5] . The problem of the optimal control may be formulated as follows: one should find the time interval T and control functions u^t) e L2 [o,T] with the norms limited by a given number 1> 0 i.e.
whioh will set a rest during the time interval T the vibrations of the system (1) caused by nonzero initial conditions (2) i.e. the equilibrium conditions will be satisfied at a time T
U i (x,T) = 0, (x,T) = 0 for xe<0,S>
We shall assume that f^x) e C 2 (0,S) and they have their third derivatives piecewise continuous, and moreover f^(O) « 2 i «= = 0, f^S) = 0, functions P i (x) e C 1 (0,S) and they 3x have their second derivatives pieoewise continuous, and also P i (0) = 0 = ^(S).
We shall mean the solutions U^(x,t) of the system (1) under conditions (2)-(5) in the generalized sense, as a limit for n-•« of the solutions U*(x,t) of the system (1)~ (5) corresponding to the control functions to the control functions If for any functions x), P (x) satisfying the above assumptions the control functions u^(t) exist, we shall say that the system is controllable.
The problem of oontrol for a single string was investigated by A.G. Butkowski [l] by applying the oontrol functions to the both ends of the string, or controlling the one end only, the same time the second one beeing built-in. Por both the above oases A.G. Butkowski gives an effective method of the calculation of the control funotions. S. Rolewioz in his papers [2] and [3] investigated the system of the strings connected in the form of "net*', with the control functions applied in its nodes.
Solution of the problem Passing on to the solution of the problem formulated in this paper, we shall assume that the system contains three strings i.e. N -3.
Let us investigate first the following oases we ssboim that the vibrations of such a system are caused by non-zero Initial conditions for the first string. The question arises if such a system oan be set at rest by single oontrol funotion acting at a point x = 0 of the first string ( Fig.1) i.e. does -559 -such a control funotlon u(t) s U 1 (0,t) exist, for which the condition (6) is satisfied.
In this case the initial conditions (2) have the form
and the boundary conditions (3) become the conditions (3') U 1 (0,t) = u{t) U 2 (0,t) = U 3 (0,t) » 0 for t>0.
We find the solutions of the equations (1) under conditions {2'), (3'), (4), (5) by the method given in the work [5] .
They are of the form
where Q(x,t) ie the solution of the equation zt(x,0) = P{x) z{S,t) =0 for xe<0,S>, t>0.
Using the method of separation of the variables to the above problems we obtain the solutions in the form so Similarly, from the condition U*{x,T) = 0 we have
consider the conditions imposed on the function Q oo Q(x,T) • ^ [c n 008 a n T +4-D Q sin a Q T + n-1 n T + J sin a n (T -T)u(r)dr] sin a n x -0 0 OO Q t (x,T) = K C b 8iD «n T + D n C0B °n T + n-1 T + J a Q cos a fl (T -T)u(r)dr] sin a n x « 0 0 for x 6(0,S).
The system of functions |sin a Q x| is complete in I> 2 [pt s ]» thus for satisfaction of the condition (8) it is neoessary and sufficient that all coefficients at sinoc Q x should equal to zero. From here we obtain the infinite system of equations This way, the problem of finding the optimal control was reduced to the problem of finding such a function u(t)€L 2 [o,T] which norm is limited b; a number 1>0, ||u||<^l and for whioh the infinite system of equations (14) is satisfied i.e. the moments of whioh are given by system (14) in relation to some system of functions. In our case it is a system of the functions sin nt and cos nt for n = Basic results of the theory concerning the problem of moments were obtained by M.G. Krejn [6] , [7] , but H.H. Krassowski [8, 9] was the first who applyied the results obtained from this theory to the problem of optimal control.
In our problem the beeing restricted for function u(t) will belong to the space lin|sin nt, cos ntjcL 2 [o,l] so it will be a periodic funotion with the period 2jr.
Let us express T in a form of 1 = 2;rk + e, where k«0 f 1 t ... and 0<t<2jt. Then the equations (14) under condition u(t+2jr) = = u(t) can be expressed in the form The function u/(t) is oaloulated from the conditions (15) 11 exact to some constant C, as it is seen that a Q and -"^pf t> n for n = 1,2,... are the Fourier coefficients of the function i|/(t) on the interval <0,2jt>. From the above PO (17) y(t) . | ^ (a n sin nt -1 b Q cos nt) + C -G(t) + C. n=1 From the conditions imposed on f(x) and F(x) it appears that the above series is uniformly convergent. From the formulae (16) it is seen that if k / 0 then the beeing looked for control function u(t) is on the interval <0,2jr>of the form ¿r &(t) + C] for t e <0,6 > v(t) « G(t) + C for 0^t<,2jr.
But, for te(£, 2jt> it is seen from the formula (19) that the function v(t) should be equal to sero. Thus, in this oase i.e. for k -0 that is to say for p <T <2ir t we obtain from (20) that the constant C --G(t*), where t* -any element from (&, 2jr>and the being looked for control funotion is calculated explicitly (21) u
(t) « G(t) -G(t*), t e <0,6>, t*-e(t, 2jr).
It is seen from (20) and for t>2jr function u{t) is periodically extended with the period 2jt. Let us consider once more the vibrations of the system caused by non-zero initial conditions on the first string i.e. by conditions (2'), but let us ask the questions concerning the setting the system at rest in an other formt it is possible to set at rest suoh a system by the control function applied at zero point of the second and third string (Fig.2) .
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In this case the initial conditions (3) become the form (3") U 1 (0,t) -0, U 2 (0,t) -U 3 {0,t) -\ u(t) for t^O.
-567 -Further treatment leading to calculation of the control function u(t) will be similar to that described before. In this case the function G(t) take the form The form of functions f(t) and P(t) result in faot that G(t) is constant on the interval (• §••""» 2JT> and equals to zero. It is the neoessary and suffiaient condition for existing control funotion u(t) which will set at rest the system in the time period T<2tt, Thus for T = -^-JT exists explicitly calculated control function (27) « u(t) = \ f(t) + 1J P(r)dr for t e < 0, |-jr>
Conclusions
The above considerations lead to the following conclusions: it is seen that the vibrations of the system caused by the non-zero initial conditions put on the one string only can by set at rest in two mannerst -569 --by the oontrol function applied at the end of this string (Fig. 1) , in this case the shortest possible time of setting the system at rest equals T min = 2ir or -by two the identical oontrol functions applied at the ends of the remaining strings (Fig.2) , in this case the shortest possible time of setting the system at rest equals T min " 2*'
It is easy to show that the system under consideration can not be set at rest by the control function applied at the end of only one of the remaining strings i.e. in our case the second or the third one.
On the superposition principle we oan conclude that the vibrations of the system with any initial conditions can by also set at rest in two manners:
-applying the oontrol functions at the end of all three strings, in this ease the shortest possible time of setting 3 the system at rest equals to ^TT or -applying the oontrol functions at the ends of two strings only, in this case the time of setting the system at rest will be elongated to 2jt.
In the case of a greater number of strings, the optimal control problem may be solved similarly.
Generally, the system consisting of N strings, can be set at rest by N oontrol funotions or (N-1) 
